Chapter

( APPLICATION OF DERIVATIVES )

6.1 Overview

6.1.1 Rate of change of quantities

d
For the function y = f (X), ™ (f (X)) represents the rate of change of y with respect to x.

ds
Thus if ‘S’ represents the distance and ‘t’ the time, then o represents the rate of

change of distance with respect to time.

6.1.2 Tangents and normals

A linetouching acurvey =f (x) at apoint (x,, y,) is called the tangent to the curve at

: . L _ddyQd
that point and itsequation isgiven y_yl_H& Hxl,yl) (X=%).

Thenormal to the curveisthe line perpendicular to the tangent at the point of contact,
anditsequationisgivenas.

-1
Y=Y1= payp

B& Bxl,yl)

The angle of intersection between two curvesisthe angle between the tangentsto the

(X=%)

curves at the point of intersection.

6.1.3 Approximation

_ . f(x+Ax) - f (%) , )
Sincef'(x) = A|)I(rﬁn0 Ax , we can say that f'(X) is approximately equal

f(x+Ax)—f (X)
© X
O approximate valueof f (x + A X) =f (X) + Ax .f' (X).
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6.1.4 Increasing/decreasing functions

A continuousfunctioninaninterval (a, b) is:

@) strictly increasing if for al x;, x, O (a, b), x,< x,0 f(x) <f(x,) or for al
xO(@ b), f" (x>0

(i) strictly decreasing if for al x;, x, O (a, b), x, <x, 0 f(x)>f(x,) or for al
xO(@a b), f'xX) <0

6.1.5 Theorem: Let f beacontinuousfunction on[a, b] and differentiablein (a, b) then

(i) fisincreasingina, b] if f' (x) >0for each x U (a, b)

(i) f isdecreasingin[a, b]if f' (x) <O0for eachx [ (a, b)

(@) f isaconstant functionin [a, b] if ' (x) = 0for each x U (a, b).

6.1.6 Maxima and minima
Local Maximum/Local Minimum for areal valued function f
A point cintheinterior of thedomain of f, iscalled

() local maxima, if there exists an h > 0, such that f (c) > f (X), for al x in
(c=h,c+h).

Thevauef (c) iscalled the local maximum value of f.

(i) local minima if there exists an h > 0 such that f (¢) < f (x), for al x in
(c=h,c+h).

Thevaluef (c) iscalled thelocal minimum value of f.

A function f defined over [a, b] is said to have maximum (or absol ute maximum) at
x=c¢,cU[a b],if f (x) <f(c)foral xO[a, b].

Similarly, afunction f (x) defined over [a, b] issaid to have aminimum [or absolute
minimum] at x =d, if f (xX) =2f (d) for all xd [a, b].

6.1.7 Critical point of f : A point ¢ in the domain of a function f at which either
f' (c) =0orfisnot differentiableis called a critical point of f.

Working rule for finding points of local maxima or local minima:
(a) First derivative test:

0] If f' (x) changessign from positiveto negative asx increasesthrough
¢, then cisapoint of local maxima, and f (c) islocal maximum value.



(b)

6.1.8

(i)

(i)
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If f' (X) changessign from negativeto positive asx increasesthrough
¢, then cisapoint of local minima, and f (c) islocal minimum value.

If f' (x) does not change sign as x increases through c, then c is
neither a point of local minimanor a point of local maxima. Such a
pointiscalled apoint of inflection.

Second Derivative test: Let f be a function defined on an interval | and
cOl. Letf betwicedifferentiable at c. Then

()

(i)

(i)

x=cisapoint of local maximaif f'(c) =0andf"(c) <O0. Inthiscase
f (c) isthen the local maximum value.

x = cisapoint of local minimaif f' (c) =0andf"(c) > 0. Inthiscase
f (c) isthelocal minimum value.

Thetest failsif f'(c)=0andf"” (c) = 0. In this case, we go back to
first derivativetest.

Working rule for finding absolute maxima and or absolute minima :

Sep 1:
Sep 2:

Sep 3:

Find al thecritical points of finthegiveninterval.

At al these points and at the end points of the interval, calculate the
values of f.

Identify the maximum and minimum values of f out of the values
calculated in step 2. Themaximum valuewill bethe absol ute maximum
value of f and the minimum value will be the absolute minimum
value of f.

6.2 Solved Examples

Short Answer Type (S.A.)

For

the curve y = 5x — 23, if x increases at the rate of 2 units/sec, then

how fast is the slope of curve changing when x = 3?

n Slopeof curve = &y =5-6x

dx

dooyc o dx
dtdeE__lzx' aqt
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=-12.(3). (2)

= —72 units/sec.

Thus, slope of curveisdecreasing at therate of 72 units/sec when xisincreasing at the
rate of 2 units/sec.

s
Example 2 Water isdripping out from aconical funnel of semi-vertical angle 2 atthe

uniform rate of 2 cm?/sec in the surface area, through atiny hole at the vertex of the
bottom. When the dant height of cone is4 cm, find the rate of decrease of the dant
height of water.

Solution If s represents the surface area, then //—\
-

95
dt—ZCm /sec

LIS O .
s—nr.l—nl.sm4-l—\/§ /

/4

ds 2m, d dl
| —= —=l.—=42n.—
herefore, N J2 o

d_ 1 2\ 1 —ﬁcm/s Fig. 6.1
when| = 4 cm, dt 2na 2y2m 4m :

Example 3 Find the angle of intersection of the curves y?=x and x*=y.
Solution Solving the given equations, we havey?=xand =y [ x*=x or x*-x=0
O x(x-1)=00 x=0,x=1

Therefore, y=0,y=1
i.e. points of intersection are (0, 0) and (1, 1)

dy dy 1
Further y?=x [ 2y— =1 0 —=+"
urther y? = x de o 2y
and x=y0O ﬂsz.

dx
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At (0, 0), the slope of the tangent to the curve y? = x is parallel to y-axis and the
tangent to the curve X2 =y is parallel to x-axis.

T
0 angleof intersection = P

1
At (1, 1), slope of the tangent to the curve'y, = xisequal to > and that of X*=yis2.

2 3 BLC
n® =| 1+1| = . 0 e=tar

O-TT TIC
Example 4 Provethat the function f (x) = tanx— 4x isstrictly decreasing on ng E

Solution f(X) =tanx—-4x 0O f'(X) = sec’x — 4
-7 T
When ?<x<§,1<secx<2

Therefore, 1 <sec’x <4 [0 -3 < (sec®x—-4) <0

-T T
Thusfor —<x<—

2 50100 <0

L . -1t Tt
Hencef is strictly decreasing on B? 3 E

\ . _ ad . .
Example 5 Determine for which values of x, the functiony = x*— 3 isincreasing

and for which values, it isdecreasing.

: 453
Solution y=x4—% O ;—di=4x3—4x2=4x2 (x-1)
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Now, ﬂzOD Xx=0,x=1.
dx

Sincef' (X) <0 OxO(- o, 0) UJ (0, 1) and f is continuous in (- o, O] and [0, 1].
Thereforef is decreasing in (— o, 1] and f isincreasingin [1, o).

Note: Here f is strictly decreasing in (- o, 0) 1 (0, 1) and is strictly increasing in
(1, o).

Example 6 Show that the function f (x) = 4x® — 18x? + 27x — 7 has neither maxima
nor minima.

Solution f(X) =4E - 18x2 + 27x -7
fr(X)=12¢ - 36x + 27 = 3 (4 - 12x + 9) = 3 (2x — 3)?

3
f"(x)=00 x= 2 (critical point)

3 3
Since f’(x)>0fora||x<§ andforallx>§

3
Hencex= Py isapoint of inflexioni.e., neither apoint of maximanor apoint of minima.

3
X=3 istheonly critical point, and f hasneither maximanor minima.

Example 7 Using differentials, find the approximate value of /0.082

Solution Let f(X) = {/x
Using f (x + AX) =f (X) + Ax . f'(X), taking x = .09 and Ax = — 0.008,
we get f (0.09 — 0.008) = f(0.09) + (- 0.008) f' (0.09)

0.008

0O 1 C
0 J0.082 = /0.09 —0.008 . ook " 03—~

=0.3-0.0133 =0.2867.
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2 2

Example 8 Find the condition for the curves g—gz 1; xy = ¢ to intersect

orthogonaly.

Solution Let the curves intersect at (x,, y,). Therefore,

XYLyl dy b
Z p? a’> b®dx dx a’y
b2

0 slope of tangent at the point of intersection (m,) = 22y

1

: dy dy -y %
= X—+Vy= — = =

Againxy =c¢2 deOD i XDrr12 %

b2
For orthoganality, m x m,=-1 [ 2 lora-*=0.

Example 9 Find al the points of local maxima and local minima of the function
34 o3 B
= ——X" = 8x’——x* +105
f (X) 2 5 .
Solution f' (X) = =3x3— 24x2 — 45x
= —-3x(X®+8x+15) =-3x (x+5) (x+ 3)
f'" =00 x=-5, x=-3,x=0
f"(X) = -9x2 — 48x — 45
= -3 (3x2 + 16x + 15)
f "(0) =-45<0. Therefore, x=0is point of local maxima

f"(-3) = 18 > 0. Therefore, x = -3 is point of local minima

f"(=5) =-30 < 0. Therefore x = -5 is point of local maxima.
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. 1. -
Example 10 Show that the local maximum value of x +—=islessthanlocal minimum
X

value.

. 1 dy 1
=x+= —=1-—
Solution Let y ~ O I 1 2

dy
dX:OD x*=10 x=%1.
o2 2 ? d’

dx X

y _ dy ay
—5 =+ 3 , therefore N (atx=1)>0and i (atx=-1)<0.

Hence local maximum value of yisat x = -1 and the local maximum value = - 2.

Local minimumvalueof yisat x =1 and local minimum value= 2.

Therefore, local maximum value (-2) is less than local minimum value 2.

Long Answer Type (L.A.)

Example 11 Water is dripping out at a steady rate of 1 cu cm/sec through atiny hole
at the vertex of the conical vessel, whose axis is vertical. When the slant height of
water inthevessel is4 cm, find therate of decrease of dant height, where the vertical

T
angle of the conical vessel is s

dv
Solution Given that — = 1 cm?®/s, where v is the volume of water in the

dt
conical vessel.

T T
FromtheFig.6.2,| =4cm, h=1cos < = ﬁl andr=lsin—-=—.

6 2 6

1
Theref = Smth= - — =
A 34 2 24

ni? 3 \@n|3

I
2



APPLICATION OF DERIVATIVES 125

dV_\/éT[lzﬂ //_E‘

d 8  dt
J3m,  dl
Therefore, 1= g lG'E h ;
/6,
ﬂ=icm/s.
dt 2J3m
Fig. 6.2

_ 1
Therefore, the rate of decrease of dant height = > /3 CITvsS.

Example 12 Find the equation of all the tangents to the curve y = cos (x + ),
—2T< X < 211, that are parallel totheline x + 2y = 0.

. . : dy . é+ﬂﬂ .
Solution Giventhaty =cos (x +Y) O dX——sm (x+y) dx% (i)

dy sin(x+y)
or — = — 7
dx 1+sin(x+y)

1
Since tangent is parallel to x + 2y = 0, therefore slope of tangent = 5

sn(x+y) 1 .
=-—-U0Osnkx+y=1 ... (i)

Therefore, ~ m >

Since cos(x+y)=yandsin(x+y)=10 cos?(X+Yy)+sim?(x+y)=y2+1
O l=y?*+1lory=0.

Therefore, cosx = 0.

T
Therefore, x=(2n+ 1)5 ,h=0,+1+2..
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3n

1 -3 L
o but x = E’X: —— satisfy eguation (ii)

e
Thus, x= £—, %
' 2 2

C [F3m

. rt C
Hence, the points are B OE, BTOE

. o L. 10 7L
Therefore, equation of tangent at BE’OEISy: 5 Er< E or2x+4y—n=0, and
) -3t [ 10 3 C
equation of tangent at BT’OEISy: -5 Y or 2x + 4y + 3= 0.

Example 13 Find the angle of intersection of the curves y? = 4ax and x2 = 4by.
Solution Giventhat y? = 4ax...(i) and x* = 4by... (ii). Solving (i) and (ii), we get

szﬁ ,
4 —
1—bD dax O x*=64ab’x

1 2
or X(-64ab’)=0 0 x=0, x=4asbh3

1 2 2 1 O
Therefore, the points of intersection are (0, 0) and ﬁla3 b3,4a3 b3 E

Again, y?=4ax [ —=—y:—andx2:4by 0 _X:_:_

Therefore, at (0, 0) the tangent to the curve y? = 4ax is parallel to y-axis and tangent
to the curve X2 = 4by is parallel to x-axis.

O Angle between curves = P

12 2

ir 3
At ﬁla3 b3,4a3 3% m, (slope of the tangent to the curve (i)) = 2 %ﬁ

2
3

1
4&13 b

et
B

1
_1apB N
=— 1—EEEH,mZ(sIopeof the tangent to the curve (ii)) =
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od 1md] L,
m,—m HhH 20 3a%.b?
Therefore, tan 6 = mm,| = T T = 0z 2(
1+2Da|j1|]a|j 2 3+b§
BHabH| TR

Hence, 6 = tan™

Example 14 Show that the equation of normal at any point on the curve
X=3c0s0 -c0s%0,y = 3sinB —sin®0 is4 (y cos®® — x sin®0) = 3 sin 46.

Solution We have x = 3cos 6 — cos®0

Therefore, % = —3sin 6 + 3cos’0 sinB = — 3sinB (1 — cos?0) = —3sin%6 .

% = 3cos 6 — 3sin?0 cosB = 3cosO (1 —sin%0) = 3cos’0
ﬂ=— oS0 Therefore, slope of normal = + sin"0
dx  sn’0’ A V¢ = 050

Hence the equation of normal is

i a3

(35in6 — sinzg) = 210
y "~ cos’0

[x = (3cosB — cos%0)]

O ycos®0 — 3sinB cos®0 + sin®0 cos®0 = xsin®0 — 3sin®0 cosb + sin®0 cos®0
O ycos®0 — xsin®0 = 3sinB cosB (cos?0 — sin?0)
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3 .
= Esnze . C0Ss20

—§Sin46
!

or 4 (ycos® 0 — xsin® ) = 3 sin40.

Example 15 Find the maximum and minimum val ues of
f (X) = secx + log cos?x, 0 < x < 211

Solution f (X) = secx + 2 log cosx

Therefore, f’(x) = secx tanx — 2 tanx = tanx (secx —2)

1
f7(x)=00 tanx=00rsecx=20rcosx=§

Therefore, possible values of x are x =0, or x =TT and
X = I or X = x
-3 -3
Again, f" (X) = sec™ (secx —2) + tanx (secx tanx)

= sec3X + secx tan®x — 2secx

= secx (sec?x + tan®x — 2secx). We note that
f* (0)=1(1+0-2)=-1<0. Therefore, x=0isapoint of maxima.

f'" (| =-1(1+0+2)=-3<0. Therefore, x = T1tisapoint of maxima.

arC LA : -
i B§E=2(4+3—4)=6>0. Therefore, x = 3 isapoint of minima.

f BRE=2(4+3-4)=6>0. Therefore, x= = isapoint of mini
BgE— ( - )— . ererore, X = 3 ISapoint or mmnima
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Maximum Valueof yat x=0is 1+0=1
Maximum Value of y at X = Ttis -1+0=-1
- T, 1
MinimumValueof y at x = §IS 2+2IogE =2(1-1o0g2)
. U 1
MlnlmumVaIueofyatngls 2+2IogE =2(1-1o0g2)

Example 16 Find the area of greatest rectangle that can be inscribed in an ellipse

+2 =1,

X2 y2
2 b2 -

Solution Let ABCD be the rectangle of maximum area with sides AB = 2x and

2 2
BC = 2y, where C (x, y) isapoint ontheellipse ¥+§ =1 asshownintheFig.6.3.

The area A of the rectangle is 4xy i.e. A = 4xy which gives A2 = 16x%y? = s (say)

O 2
DbZ - 162 (a2X2 A X4)
0 a (0. b)

ds_160° / \
0 Pl [2a% — 4x7)]. Ca, 0)\ (0,0) x / (a, 0)

O x2
Therefore, s= 16x¢ O—-—
0 a

. ds a b (0, —h)
Again, &=0D x=—zandy—ﬁ Fig. 6.3
d?s _16b?
Now, e 2 [2a2 — 12%7
a d? 16b*> _ , _ .. 16b? 2
X=—, —=——+[2a°"-6a“] = -4a°)<0
At NS [ ] 2 ( )
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a b . _ .
Thusatx—\/i,y— \/E,s|smaX|mumandhencetheareaAlsmaX|mum.

a b
Maximum area=4.xy = 4 ﬁﬁ = 2ab sq units.

Example 17 Find the difference between the greatest and least values of the

. _ O m mC
function f (x) = Sin2x - x, on HE EE

Solution f(x) = sin2x — X
O f'(x)=2cos2x -1

1 o —n T m_ T
Therefore, f'(xX) =00 cost=§D 2xis T3 50 x= 5%
fDE[-sm( m+ =2
H 2k~ 2 2
fDE[—sinDZ—nDE— 3+]T
Hec™ " HeHe "2 6

—

1Tl
1
wn
=
o
EQIII
old
1l
|
I
ol

—

NI

mmle
I
@,
>
—_
=h
|
|
|
|

T I
Clearly, P isthe greatest value and 5 isthe least.

Therefore, difference =

NS

LI
Ly
2
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Example 18 Anisoscelestriangle of vertical angle 20 isinscribedinacircle of radius

Tt
a. Show that the area of triangle is maximum when 6 = 5

Solution Let ABC be an isosceles triangle inscribed in the circle with radius a such
that AB =AC.

AD =AO + OD =a+ acos26 and BC = 2BD = 2a sin20 (seefig. 16.4)

1
Therefore, areaof thetriangle ABCi.e. A= E BC.AD

1
= —2asin20 . (a + acos20)

2
= a%sin20 (1 + cos20)
A
1
O A=a’sin20+ Eazsin4e >
dA
Therefore, %: 2a°c0s20 + 2a?c0s49
= 2a +
282(c0s20 + cos49) 2

dA _ _
40 0 0 co0s26 = —c0s40 = cos (11— 40) B\E/ c

Tt

Therefore, 20 = 1— 46 [ ezg Fig. 6.4
9B o (asingd — 4sina6) <O (at 6= 2
462 - a? (—2sin20 — 4sin406) ( = 6).

1
Therefore, Areaof triangle is maximumwhen 6 = 5"
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Objective Type Questions

Choosethe correct answer from the given four optionsin each of thefollowing Examples
19to 23.

Example 19 The abscissa of the point on the curve 3y = 6x — 5x3, the normal at which
passesthrough originis:

1 1
(A)1 B) 3 €2 D) 5
Solution Let (x,, y,) bethe point on the given curve 3y = 6x — 5x® at which the normal

(dy O
passes through the origin. Then we have Bd—ia =2-5x% Again the equation of
%.%)
a0y 3
i 6-5%

the normal at (x,, y,) passing through the origin gives 2—5)(12 =

Since x, = 1 satisfies the equation, therefore, Correct answer is (A).

Example 20 The two curves X3 — 3xy? + 2=0and 3x}y —y* = 2

(A) touch each other (B) cut at right angle
I I
(C) cut at an angle 3 (D) cut at an angle 2

d
Solution From first equation of the curve, we have 3x2 — 3y? — 6xy d—z =0

dy X2 _ yz ' '
O dx =" Xy = (m,) say and second equation of the curve gives
dy dy dy 2%
2~ O 2 < — _— = =
6xy + 3% o 3y ix 0 O o -y (m,) say

Since m, . m, =-1. Therefore, correct answer is (B).
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s
Example 21 Thetangent to the curve givenby x=¢€'. cost,y =€ .sintat t = 2 makes

with x-axisan angle:
A)O B ik C I D I
A ®) © 3 D) 5

. dx . dy .
Solution Ez—e‘ . sint + €'cost, E=e‘cost+ esint

cost +sint /2

cost—sint = @ and hence the correct answer is (D).

O
Therefore, % H-n=
4

Example 22 The equation of the normal to the curvey = sinx at (0, 0) is:

(A)x=0 (B)y=0 (©x+y=0 (D) x-y=0
dy 014 .
Solution Y cosx. Therefore, slope of normal = HEBSX ELO =-1. Hence the equation

of normal isy—-0=-1(x-0)orx+y=0
Therefore, correct answer is (C).

Example 23 The point on the curve y? = x, where the tangent makes an angle of

m .
ZWIthX-aXISIS

L 1C ol 1C

) B2k (B g5k ©) (42) ©) (L, 1)
oAy 1 T 11

Solution ax 2y‘ta“Z‘1D y_EDX_Z

Therefore, correct answer is B.



134 MATHEMATICS

Fill inthe blanksin each of thefollowing Examples 24 to 29.

Example 24 The values of a for which y = x2 + ax + 25 touches the axis of x
are

a
Solution Y-00 2x+a=0 e x=-2
dx 2
a®> 0O a0
£ +ag-SEr25=0 -
Therefore, 2 EFZEF- d a= +10

Hence, the values of a are + 10.

Example 25 If f(X) = then its maximum value is

4%% +2x+1"

Solution For f to be maximum, 4x2 + 2x + 1 should be minimumi.e.

1 1C 3
+2X+1 =4 (x+ Z)2+ ﬁ—zEgivingtheminimumvalueof e+ 2x+ 1= 7

Hence maximum value of f = 5 )

Example 26 Let f have second deriative at ¢ such that f '(c) = 0 and

f"(c) >0, then cisapoint of

Solution Local minima.

- . E 15 {0
Example 27 Minimum value of f if f (X) = sinxin E?,EHS .

Solution -1

Example 28 The maximum value of sinx + cosx is

Solution /2.
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Example 29 The rate of change of volume of a sphere with respect to its surface
area, when theradiusis 2 cm, is

Solution 1 cm3/cn?

4

dv _

V:§m3D— amr? g= 4?0 — =8wld —=—=1ar=2

dr dr ds 2

6.3 EXERCISE

Short Answer (S.A.)

1.

A spherical ball of saltisdissolvinginwater in such amanner that the rate of
decrease of the volume at any instant is propotional to the surface. Provethat
theradius is decreasing at a constant rate.

If the area of acircle increases at a uniform rate, then prove that perimeter
variesinversely astheradius.

A kiteismoving horizontally at aheight of 151.5 meters. If the speed of kiteis
10 m/s, how fast isthe string being let out; when the kiteis 250 m away from
the boy who isflying the kite? The height of boy is 1.5 m.

Two menA and B start with velocitiesv at the same time from the junction of
two roadsinclined at 45° to each other. If they travel by different roads, find
the rate at which they are being seperated..

T
FindanangleB,0<0< E’ which increases twice asfast asits sine.

Find the approximate value of (1.999)°.

Find the approximate volume of metal in ahollow spherical shell whoseinternal
and external radii are 3 cm and 3.0005 cm, respectively.

2

A man, 2m tall, walks at the rate of 13 m/s towards a street light which is

1
55 m abovetheground. At what rateisthetip of hisshadow moving? At what
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10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

MATHEMATICS

1
rate is the length of the shadow changing when heis 35 m from the base of
thelight?

A swimming pool isto be drained for cleaning. If L represents the number of
litres of water inthe pool t seconds after the pool has been plugged off todrain
and L = 200 (10 — t)2 How fast is the water running out at the end of 5
seconds? What is the average rate at which the water flows out during the
first 5 seconds?

The volume of a cube increases at a constant rate. Prove that the increase in
its surface area varies inversely as the length of the side.

x and y are the sides of two sguares such that y = x — x2. Find the rate of
change of the area of second square with respect to the area of first square.

Find the condition that the curves 2x = y? and 2xy = k intersect orthogonally.
Prove that the curves xy = 4 and X? + y? = 8 touch each other.

Find the co-ordinates of the point on the curve +/x + \/§ =4 at which tangent
isequally inclined to the axes.

Find the angle of intersection of the curvesy =4 — x2 and y = x.

Prove that the curves y? = 4x and x? + y2 — 6x + 1 = 0 touch each other at the
point (1, 2).

Find the equation of the normal lines to the curve 3x? — y? = 8 which are
parallel tothelinex + 3y = 4.

At what pointson the curve x2 + y2 - 2x— 4y + 1 = 0, the tangents are parall el
to the y-axis?

-X

X =X
Show that theline a + %: 1, touchesthecurvey=b.e? at the point where

the curve intersects the axis of y.

Show that f (X) = 2x + cotx + log (\/1+ X —X) isincreasing in R.



21.

22.

23.

24,

APPLICATION OF DERIVATIVES 137

Show that for a > 1, f (X) = \/3sinx — cosx — 2ax + b isdecreasing in R.

[
Show that f (X) = tan}(sinx + cosx) isan increasing functionin %’Za

At what point, the slope of the curvey = — x® + 3x2 + 9x — 27 is maximum?
Also find the maximum slope.

Provethat f (x) = sinx + /3 cosx has maximum value at x =

olN

Long Answer (L.A.)

25.

26.

27.

28.

29.

30.

If the sum of thelengths of the hypotenuse and aside of aright angled triangle
Isgiven, show that the area of the triangleis maximum when the angle between

themis =

emis .
Find the pointsof local maxima, local minimaand the points of inflection of the
functionf (x) = x*—5x* + 5x®— 1. Also find the corresponding local maximum
and local minimum values.

A telephone company in a town has 500 subscribers on its list and collects
fixed charges of Rs 300/- per subscriber per year. The company proposes to
increase the annual subscription and it is believed that for every increase of
Re 1/- one subscriber will discontinue the service. Find what increase will
bring maximum profit?

2 2

X
If the straight line x cosa + y sina = p touches the curve P + % =1, then

prove that a* cos’a + b? sinfa = pA
An open box with square base isto be made of agiven quantity of card board

3
of area c? Show that the maximum volume of the box is 6 \/§ cubic units.

Find the dimensions of the rectangle of perimeter 36 cmwhich will sweep out
avolume as large as possible, when revol ved about one of its sides. Also find
the maximum volume.
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31.

32.

33.

34.

MATHEMATICS

If the sum of the surface areas of cube and a sphere is constant, what is the
ratio of an edge of the cube to the diameter of the sphere, when the sum of
their volumesis minimum?

AB isadiameter of acircle and C is any point on the circle. Show that the
areaof A ABC is maximum, when it isisosceles.

A metal box with asguare base and vertical sidesisto contain 1024 cm®. The
material for the top and bottom costs Rs 5/cm? and the material for the sides
costs Rs 2.50/cm? . Find the least cost of the box.

The sum of the surface areas of arectangular parallelopiped with sides x, 2x
X
3

isminimum, if xisequal to threetimesthe radius of the sphere. Also find the
minimum val ue of the sum of their volumes.

and — and asphereisgivento be constant. Provethat the sum of their volumes

Objective Type Questions

Choosethe correct answer fromthe given four optionsin each of thefollowing questions
35t039:

35.

36.

37.

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The
rate at which the areaincreases, when sideis 10 cmiis:

10
(A) 10cm?s  (B) /3cms (C) 10/3cnm?s (D) Ecmzls

A ladder, 5 meter long, standing on a horizontal floor, |eans against avertical
wall. If the top of the ladder slides downwards at the rate of 10 cm/sec, then
the rate at which the angle between the floor and the ladder is decreasing
when lower end of ladder is 2 metresfrom thewall is:

1 1
(A) 0 radian/sec (B) 0 radian/sec (C) 20 radian/sec

(D) 10 radian/sec

1

Thecurvey = x5 hasat (0, 0)
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39.
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41.

42.

43.
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(A) avertical tangent (parallel to y-axis)
(B) ahorizontal tangent (parallel to x-axis)
(C) an oblique tangent

(D) no tangent

The equation of normal to the curve 3x2 — y2 = 8 which is parallel to theline
X+ 3y=28is

(A)3x-y=38 (B)3x+y+8=0
(C)x+3y +8=0 (D)x+3y=0

If thecurveay +x2=7 and x® =y, cut orthogonaly at (1, 1), then the value of
ais:

(A)1 (B)O (C)-6 (D) .6
If y=x*-10 and if x changes from 2 to 1.99, what is the changeiny
(A) .32 (B) .032 (C)5.68 (D) 5.968

The equation of tangent to the curvey (1 + x?) = 2 — x, where it crosses x-axis
IS

(A) x+5y=2 (B)yx-5y=2
(C)5x-y=2 (D) 5x+y=2

The points at which the tangentsto the curvey = X — 12x + 18 are parall€l to
x-axis are:

(A) (2,-2), (-2,-34) (B) (2,34), (=2, 0)
(C) (0,34), (=2, 0) (D) (2,2), (-2,34)

The tangent to the curve y = e* at the point (0, 1) meets x-axis at:

01 0
(A) (0, 1) ®) 535 © (20 (D) (0,2

The dlope of tangent to the curve x = t2 + 3t — 8, y = 2t? — 2t — 5 at the point
(2,-1)is:



140

45.

46.

47.

48.

49.

50.

51.

MATHEMATICS

22 6 -6
W= @ © = (D) - 6

Thetwo curves x® — 3xy?+ 2 = 0 and 3x2y — y® — 2 = 0 intersect at an angle of

) ®) 5 © 5 (D) &
4 3 2 6
Theinterval on which thefunction f (X) = 2x@ + 9x? + 12x — 1 is decreasing is:
(A)[Fl, )  (B)[-2,-1] © (e, -2] (D) [-1, 1]

Letthef: R —» R bedefined by f (X) = 2x + cosx, then f :
(A) hasaminimumat X = Tt (B) hasamaximum, at x=0
(C) isadecreasing function (D) isanincreasing function

y = X (X — 3)?>decreases for the values of x given by :

(A)1<x<3 (B)x<0 (C)x>0 (D)0<X<g

Thefunction f (X) =4 sin®x — 6 sin?x + 12 sinx + 100 is strictly

AV .0 3nC B) d .. O n[
(A) increasingin HT ZE (B) decreasing in BE E

o . Or xU o [
(C) decreasing in E?EE (D) decreasingin @ EE

7]
Which of thefollowing functionsisdecreasing on a) EE

(A) sin2x (B) tanx (C) cosx (D) cos 3x
The function f (X) = tanx — X
(A) always increases (B) always decreases

(C) never increases (D) sometimes increases and sometimes
decreases.
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53.
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56.

57.
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If X isreal, the minimum value of x> — 8x + 17 is

(A) -1 (B)O ©1 (D) 2

The smallest value of the polynomial x®— 18x2 + 96xin [0, 9] is
(A) 126 (B)0 (C) 13 (D) 160

The function f (X) = 23 - 3x2 — 12X + 4, has

(A) two points of local maximum (B) two pointsof local minimum

(C) one maximaand one minima (D) no maximaor minima

The maximum value of sin x. cosxis
1 1
O ®) 5 © 2 (D) 2V2

5
Atx= %,f(x)=2§n3x+3cos3xis:

(A) maximum (B) minimum

(C) zero (D) neither maximum nor minimum.
Maximum slope of the curvey = —x® + 3x2 + 9x — 27 is:

(A)O (B) 12 (C) 16 (D) 32

f (X) = x*has a stationary point at

(A)x=e (B)xzé (C)x=1 (D) x= /e

Themaxi aveof 22 s
e mMaximum value Ol H;a IS

(A) e (B) & © o © &
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Fill inthe blanksin each of thefollowing Exercises 60 to 64:

60. The curvesy = 4x2 + 2x — 8 and y = x® — x + 13 touch each other at the
point .

61. The equation of normal to the curvey = tanx at (0, 0) is

62. Thevaluesof afor which thefunction f (x) = sinx—ax + bincreaseson R are

2

2X
63. The function f (X) = N x> 0, decreases in the interval

b
64. Theleast value of the function f (x) = ax + - (@>0,b>0,x>0)is .

=l ©



