Chapter 7

(INTEGRALYS)

7.1 Overview

d
7.1.1 Let v F (x) =f (x). Then, wewritejf (x)dx=F (x) + C. Theseintegrals are

calledindefiniteintegralsor genera integrals, C iscalled aconstant of integration. All
these integrals differ by a constant.

7.1.2 If two functions differ by a constant, they have the same derivative.

7.1.3 Geometrically, the statement If (x)dx=F (x) + C = y (say) represents a

family of curves. The different values of C correspond to different members of this
family and these members can be obtai ned by shifting any one of the curvesparalel to
itself. Further, the tangentsto the curvesat the pointsof intersection of alinex =awith
the curves are parallel.

7.1.4 Some properties of indefinite integrals

0] The process of differentiation and integration are inverse of each other,
d
. _ f = f 1 - .
i.e., de (x)dx=f(x) and J'f (x)dx="f(x) + C, where C is any
arbitrary constant.

(i) Two indefinite integral s with the same derivative lead to the same family of
curves and so they are equivalent. So if f and g are two functions such that

%jf (x)dx:%]’g(x)dx,then [T ()% and [g(x) e areequivaent

(iii) The integra of the sum of two functions equals the sum of the integrals of
the functionsi.e., J’(f (x) +9(x)) dx= If (x)dx + Ig(x)dX.



144  MATHEMATICS

(iv) A constant factor may bewritten either before or after theintegral sign, i.e.,

J’af (x) dx= aJ’f (x) dx, where ‘a’ is a constant.

(V) Properties (iii) and (iv) can be generalised to afinite number of functions
f, f, .., f and the rea numbers, k , k,, ..., K giving

[ (I (0 + £, (0 + otk £, (00) de= K [ £, (v, [ 1, (00 +..+, [ 1, (0 X

7.1.5 Methods of integration

There are some methods or techniques for finding the integral where we can not
directly select the antiderivative of function f by reducing them into standard forms.
Some of these methods are based on

1 Integration by substitution
2. Integration using partial fractions
3. Integration by parts.

7.1.6 Definite integral
b
Thedefiniteintegral isdenoted by [ f (x)dX whereaisthelower limit of theintegral

and bistheupper limit of theintegral. Thedefiniteintegral isevaluated inthefollowing
two ways:
0] The definite integral asthelimit of the sum
b
(i) J’ f (x)dx = F(b) — F(a), if Fisan antiderivative of f (x).

7.1.7 The definite integral asthe limit of the sum

b
The definiteintegral J' f (x) dx isthe area bounded by the curvey = f (x), the ordi-

nates x = a, X = b and the x-axis and given by

JT(x)dX=(b-a) Lim%g(a) +f(a+h) +..f(a+(n-1)h)E



or
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h

[f(dx=limhEf (@) +f (a+h) +..+ f (a+(n-Dh)E,

Wherehzﬁ_,oasn_.oo.

n
Fundamental Theorem of Calculus

Area function : The function A (x) denotes the area function and is given
by A(x) = [fx)dx,

First Fundamental Theorem of integral Calculus

Let f be a continuous function on the closed interval [a, b] and let A (x) be
the areafunction . Then A" (x) =f (x) for al x L [a, b] .

Second Fundamental Theorem of Integral Calculus

Let f be continuous function defined on the closed interval [a, b] and F be
an antiderivative of f.

b
[T ()dx=[F(x)]’ = F(b) - F(a).
Some properties of Definite Integrals

P, : If (x)dx = J’f (t)dt
P, : If(x)dxz—‘!'f(X)dX,in particular, jf(x)dxzo

P, [f(x)dx= j’f(x)dx + ()
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P, : [fOJdx = [f(a+b-x)dx

P, : [F(00 = [(ax)x

2a

P - J'f(x)dX—J'f(x)dX+If(2a x) dx

P, [f(x)dx = Elzj’f(x)dx,if f (2a-x)=f(X),
6 ) 04
H,if f (2a-x)=- f ().

P, : (i):[ f(x)dx = Z}f(x)dx,iffisanevenfunctioni.e.,f(—x)=f(x)

(i) [T(x)dx=0,if fisanodd functioni.e, f (-x) = -f (x)

7.2 Solved Examples

Short Answer (SA.))
Example 1 Integrate BT N +3C\/_E W.Lt. X

02a

Solution IB\/T - "'30\/» EFX

= IZa(x)%1 dx—be‘2 dx+J’3c xgdx

5

3
—4a\/_+b 9(;X +C .
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3ax
Example 2 Evaluate Imdx

Solution Let v= b?+ ¢, then dv = 2¢? xdx

3ax 3a .dv
Therefore, Im = o J’—

= 2—3::;Iog‘b2 +czx2‘+C_

Example 3 Verify thefollowing using the concept of integration asan antiderivative.

3 2 3
IX XXy X——Iog|x+1|+ C
X+1 2 3

doO x* X

]
Solution a" ?+——|09|X+1|+Ca

XX X 0 X

Thus +§—Iog|x+]1+C%=J’X+1

dx

DQD
|

1+x
Example 4 EvaluateI mdx, X1

xdx

1
Solution Let | :I it_zdx = J’ﬁdx + Iﬁ =sntx+1,,
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xdx

where I = R
—X

Put 1 — x> = = —2x dx = 2t dt. Therefore

[[=-dt =—t+C=_\1-x*+C
sin'x _\1-x2+C.

Hence 1

B>a

dx
Example 5 Evaluate .[ (x—a)(B-x) ’

Solution Put x — ot =#. Then f - x = ﬁ—(t2+a) =fB-t-a=-t"'-a+pf
and dx = 2tdt. Now

sz 2tdt :I 2dt
JO(B-a-1) \/(B—a—tz)

dt

W, where k’=f - a

=2

Example 6 Evaluate I tan® xsec* xdx
Solution I = j tan® xsec* xdx
= J‘tan8 x(3602 x) sec” xdx

= Itang x(tan2 X+ 1) sec” xdx
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= Itan10 X sec? xdx+J’tan8x sec? xdx

_tan"'x | tenx

11

+C.

3

_ X
Example 7 Find Imdx

Solution Put X2 =t. Then 2x dx = dit.

N - Xdx 1 tot
ow _Ix4+3x2+2 2It2+3t+2

t A B
+

2+3t+2 t+1 t+2

Consider
Comparing coefficient, we get A=-1, B=2.

dt dt C

1
Then | = E%J’E_IEE

= %@Iog|t+2|—log|t+]j§

X2 +2

- log +C

x> +1

_ dx
Example 8 Find IZsinzx 150052 X

Solution Dividing numerator and denominator by cos?x, we have

sec? xdx
I= I2tan2x +5
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Put tanx =t so that sec?x dx = dt. Then

dt _1 dt
1= 2745 2 050
t?+0/o 0
oN2Q
0
= lﬁtan‘lm\/zt +C
25 Hs A
0
_ 1 o B2tnxd
Ji0 N

Example 9 Evaluate I(7X—5) dX as a limit of sums.
21

2+1
Solution Herea= -1,b=2,and h= T i.e,nh=3andf(x) = 7x-5.

Now, we have

j’(?x—S)dx =limhf (-1) + f (-1 +h) + f (-L+2h) +..+ f (-L+(n-1)h)E

1
Note that

f(-1)=-7-5=-12
f(-1+h)=-7+7h-5=-12+7h
f(-1+(n-1)h)=7(n-1) h-12.
Therefore,

j’(?x—5)dx =limh[{-12) +(7h-12) +(@14h -12) +...+(7(n-1)h-12)H

-1

= limhgh@ +2+..+(n-1)F-12nF
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C . o O
> —.12nE=leg(nh)(nh—h)—lznhg

7 7x9 . _-9
_5(3)(3—0)—12><3 =— - —3%6=—.

Tt
2 7
tan
Example 10 Evaluate I7—X7dx
5 Cot’ X + tan’x

Solution We have

tan’ x
— dx (1
cot’ x + tan’x @

Ol | o

m 7ot
) > tan EE XH N
e T

cot BE—Xﬁ'F tan Bé Xﬁ

by (P,)

cot’ (x)dx @)
) cot” x dx + tan” x

Ny N | =

Adding (1) and (2), we get

s

2tan’ x + cot’ x 0
2= (B s oot x
) Ftan” x + cot” x [

m
dx which gives | = 7

ey 10 [ =



152 MATHEMATICS

Example 11 Find J-\/’ \/m

Solution We have

8 J10-(10-x) o
- £\/10—x+\/10 ~(10-x)

8
0 | :J‘de
210 —x ++/x
Adding (1) and (2), we get
8

2l=[1ldx =8-2=6
I

Hence 1=3

T
4

Example 12 Find I1/1+sin2x dx
0

Solution We have

J1+sin2xdx =

OH&\:I
Ol Ao

(sinx+ cosx) dx

1
Ol A5

(sinx+ cosx)2 dx

(D)

by (P,)

2



L
= (-cosx+sinx)?

=1
Example 13 Find Ixztan‘lx dx.

Solution | =J'x2tan‘1x dx

3

X
= tanx [x?dx — —dx
I 1+x* 3

3

X
- tanx —-=[x-

3 IDX 1+x2

X3 2

= Xanix-X 41 Iog‘l +x2‘ +C.
3 6 6

Example 14 Find I 10 — 4x+ 4x* dx

Solution We have

I—I\/lO 4X+4X% dx =I 2X 1

Put t = 2x — 1, then dt = 2dx.

1 2
Therefore, | = EIJtZ +(3)" dt

2

1 : +—Iog‘t+\/t + ‘+C

INTEGRALS

153

%(2x 1) J(2x-1)° +9 +—Iog‘ (2x-1) +[2x-1) *+9| +C.
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Long Answer (L.A.)

J- x> dx
Example 15 Evaluate —x4 DY

Solution Let x> = ¢. Then

X2 t t A

4, 2 5 2 - = +
X +x=2 t°+r=2 (t+2)@-1) t+2

So t=A(-1)+B(+2)
1
3

2
Comparing coefficients, we get A= 3 B=

2 1 11
Hxr-2 3 x*+2 32—l

Therefore,

2

X 2 1 1 dx
- dx== dx+ —
Ix“+x2—z 3'[x2+2 3'[x2—1

x—1

x+1

a4 X 1
—+—1lo +C
6 g

21
_ — —— tan
“ 342 J2

X +x
Examplel6 Evaluate Jﬂdx

Solution We have

B
-1

X +x x xdx
I:J dx =J-x dx + =1+1,.

xt o
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X
xX'=9

Now L :I

Put t = x*—-9so that 4x®dx = dt. Therefore

l, = i_[ﬂ = EIog|t|+C1 = %Iog‘x“—9‘+cl

_ o Xadx
Agaln, I2_IX4_9

Put X% = u so that 2x dx = du. Then
1 du 1 u-3
-\l = — —| +
g 2J’u2—(3)2 256 Purg " @
1, |x*-3
= —log|———+C
12 O[3
Thus =1 +1,
1 ‘x —9‘ —Iog -3 +C
4 +3 '
Example 17 Show that ESin—zx—ilog(\/z +1)
-!sinx+cosx J2

Solution We have

z
2 &n?x
-!smx+cosx
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Thus, we get

Hence

Example 18

B
D o

OH NIE

g COSX
J; X+ GO
1% dx
2l = —
ﬁlcos@x o
4
% O 1 nQ D_EDI%
5[5 e o= oo pee - renh T

1 O n m O 0O nQg 0 nd
- = o PA I i i
- @EC’QH%“&% g9 E 2 B2

:%Hog(\/},l)—log(ﬁ-l)g =%|og£—j

Find _[X(tan‘l x)” dx
0
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1

Solution | = _[X(tan‘1 x)* dx

0

Integrating by parts, we have

X2 2 1 ! 2 tan_lx
- - - =[x.2 d
I = ZHtanlx)a ZJ(:X 1
2 1 2
LI ~.tan™ xdx
32 J1+x
12
m’ X -1
= — _ = tan™ xdx
=3 I, wherel = -([1+x2
XH-1
Now Il—_! 11,2 tarxdx
1 1 1
= Itan‘lxdx—J' ~tan™ xdx
) 1 1+X
1 5\ n?
= 1= 5((tan'1 x) )0 =h-%
1 N 1 X
Here | = ftan" xdx = (xtanx),— [—— dx
=1 iy
o 5M\1 1
Z——(Iog‘1+x DO = ——Elogz
1 m?
Thus I,= —-—log2-—
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m n 1 n° n2 m
=L Ty Ziogo+ B T+ Liog2
Therefore, 1 = o5 =4 725094 55 167372
4n+|og\/2_

2

Example 19 Evaluate [ f(X) dx where f (x) = [x + 1] + x| + x - ]
<]

02-x%, if -1<x<0
Solution We can redefinef  as f(x):Ex+2, if O<x<l1
Hax, if 1<xs2

2 0 1 2
Therefore, If(x)dx=J’(2—x)dx+J’(x+2)dx+J’3xdx (by P)
i} 21 0 1

Objective Type Questions

Choose the correct answer from the given four optionsin each of the Examplesfrom
20to 30.

Example 20 [€ (cos x—sin x)dxis equal to
(A) ecosx +C (B) e'sinx+C

(C) —€“cosx+C (D) —€*sinx+C
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Solution (A) isthe correct answer since J’eX Hf (x) +f (x)Hdx =€ f(x) + C .Here
f (X) = cosx, f”(x) = —sin x.

Example 21 Izd—xsz isequal to
Sin Xcos” X
(A) tanx + cotx + C .. .. X+cotx)2+C
(C) tanx-cotx+C (D) (tanx — cotx)? + C
Solution (C) isthe correct answer, since

- dx __(sin?x+cos? x) dx
_J-SiHZXCOSZX_J- sin® xcos® x

= Iseczxdx +Icoseczxdx = tanx — cotx + C

— X

3e"-5
Example 22 If 7= 9= ax+ blog [4e* + 567 + C, then

-1 7 1 7
a=—,b=— a==,b=—=
(A)a=-4 3 B) a=g 3
-1 -7 1 -7
a=—,b=— a==,b=—
(€ a=- 8 (D) a=g 3

Solution (C) isthe correct answer, since differentiating both sides, we have

3¢ -5e" _ L, (4e*-5e7>)
4 +5e7% 4e° +5¢*

giving 3e*—5e*= a (4e* + 5e*) + b (4ex — 5e™). Comparing coefficients on both

-1 7
sides, we get 3 =4a + 4b and -5 = 5a - 5h. This verifies a=§, b =§.
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b+c

Example 23 I f (x)dx isequal to

atc

(A) [f(x-c)dx (B) If(x+ c)dx
© [f(x)dx (D) j f (x)dx

Solution (B) isthe correct answer, since by putting x =t + ¢, we get

b b
| = J'f (c+t)dt= J'f (x+c)dx
Example241f f and g are continuous functionsin [0, 1] satisfying f (x) = f (a — X)

andg (x) +g(a-x) =a, then [ F(x)-9(x)X is equal to

*) 5 ®) 5 [0
(@) _Ol'f(x)dx (D) a_ol'f(x)dx

a

Solution B is the correct answer. Since | = _[f (x)-9(x)dx
0

[f(a-x) 9la-x)d = [ () (a-g(x)cx

af (0 & —[1 (x).g(xcx = af f(x) &% |
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aa
= — f dx
or | 2_([ (x) dx

2

d
Example25 If x = IW y = ay, then ais equal to

(A) 3 (B) 6 ©) 9 (D) 1

dt dx _ 1
Solution (C) isthe correct answer, since X = I\/—ZD e
1+9t \1+9y?

d2 18y

which gives F: 2./1+9y? .&zgy.

1 .
Example 26 ¢dXIS ual to
p IX T2 €q
1
(A) log 2 (B) 2log 2 (@) 5I092 (D) 4log2
ution (B) is the correct answer, since | = J;X2+2|x|+1
1 3 1
X x| +1 Ix+1
J:X2+2|x|+1 Jlx2+2|x|+1 0 2l(|x|+1)2

[odd function + even function]

Lox+l
:2.[ (x+1)* > zodeX = 2log|x+1], =2log 2.
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1 1 t
Example 27 If Iliﬂdt =a, then [ dt isequal to
0 0

(1+1)

A 1+E B)a+1 £ C 1 £ D +1+E
(A)a-1+ (B)a+1-- (©a-1-5  (Da+rl+s
1 et
Solution (B) isthe correct answer, since |l = 1Ttdt
0
1 L€
=|—e]| t dt = i
rc sl T 2 even
Therefore Jl’ ¢ —a—E+1
A+t T2 T
2
Example 28 I|xcosnx| dxisequa to
=2
A 8 B 4 C 2 D 1
A — B) — © =

2 2

Solution (A) isthe correct answer, since | = [|xcosmxdx = 2 [|xcosm|dx
-2 0

i : 2 0
7 O 8
=92 E!Ixcosnxldx +I|xcosnx| dx +{|xcosnx| dxg = =
d ; ; H "

2 2

Fill in the blanksin each of the Examples 29 to 32.

sin
Example 29 Icoss dx =
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7

Solution tan x +C
7
Example30 [ f(x)dx=0 iffisan function.
Solution Odd.
2a a

Example31 [ T(x)dx = 2[f(x)dx, if f (2a-x) =
0 0

Solution f (X).

NIa

sin” xdx

Example 32 [ o x
0

Solution I
R

7.3 EXERCISE
Short Answer (S.A.)

Verify thefollowing:

2x-1
-y _ 2
1. IZx+3dX x—log|(2x+3)j+C

2x+3
— 2
2. IX2+3de log 2+ 3x|+ C

Evaduatethefollowing:

X2 +2 dX eGlogx _ e5logx
3. J‘% 4. IW
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10.

12.

14.

16.

18.

20.

22.

MATHEMATICS

I(1+ cgsx) dx
X+sinx

Itan2 xsec* xdx

I\/1+ sin xdx

X

J'\/;_'_ldx (Hint : Put \/x =2

1

X2

J’ 5 dx

1+ x4

dx

J-\/16 -9x°

3x-1
I\/Xz_wdx

Ix4x_1dx

I\/ 2ax— x* dx

(cos5x +cos4x)
1-2cos3x

(Hint : Put x = 2%

dx

15.

17.

19.

21.

23.

dx
1+ cosx

Sin X+ cosx

—d
L/l+sin2x X

atXx

I a—Xx

2
I\/l;x dx

dt

e

I\/S— 2%+ X2 dx

XZ

Il_x4dx put X2 =t

sin® x +cos® x

— dx
I sin’ X cos® X



Jx
24. Iﬁdx 25.

dx
26. IT\/T—:I. (Hint : Put x2 = sec 0)

Evaluate thefollowing aslimit of sums:

27.

O%N

Evaluatethefollowing:

Lodx
29. Jo'e*+e** 30.
2 dx
31. Jl’—(x—l)(z—x) 32.
33. J’xsin xcos’ xdx
0
Long Answer (L.A))
x2dx
35. T 36.
Ix“ -x*-12

X

37. lhgnx 38.

(x2 +3)dx 28.
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COS X —C0S2X
I—dx
1-cosx

1
34 E—dX
' !(1+ X2)y/1- X

(Hint: let x = sinB)

x2dx
I(Xz " az)(xz " bz)

2x-1 dx
I(x—l)(x+2)(x—3)
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aiy D1+X+X2 0
39 [ G 40.  [sn® X
0 1+x g a+Xx

(Hint: Put x = a tan’0)

/14 cosx

5 42. I e cos® x dx

41. S
(1-cosx)?

| S — N[

43. Ia/tanx dx (Hint: Put tanx = t?)

n
2
-([ (a®cos x+b25m x)

44,
(Hint: Divide Numerator and Denominator by cos*x)
1 s
45. J’xlog(1+2x) dx 46. J’xlogsinxdx
0
T
Z -
47 Inlog(sm X+cosx)dx
4

Objective Type Questions
Choosethe correct option fromgiven four optionsin each of the Exercisesfrom48to 63.

€0S2X —C0s 20

48.
I COS X —C0s0

dx isequal to

(A) 2(sinx + xcosB) + C (B) 2(sinx — xcosB) + C
(C) 2(sinx + 2xcos) + C (D) 2(sinx — 2x cosB) + C



49.

50.

51.

52.
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dx

Isin(x—a)sin(x_b) isequal to
. sin(x—b) sin(x—a)
(A) sin(b-a) log sin(x—a) +C (B) cosec (b - a) log Sin(x—b) +C
sin(x—b) . sin(x—a)
(C) cosec (b-a) log sin(x—a) +C (D)sin(b-a)log sin(x—b)
Itan‘1 Jxdxisequal to
(A) (x+1) tan"Vx-Vx+C (B) xtan™vx —y/x+C
(©) Vx-xtanyx +C (D) Vx=(x+1tan?*x +C
e Hi=x ﬁdx isequal to
I E+ XZH
e —e*
(A ;2 *C (B) 17,2 *C
e ‘C -e ‘C
© (14) (D) (14 x)°
I(4x2 2 dx isequa to
1g,. 10 g, 10
M 5 el T C ®) 5 el *©

(©) ﬁ(u 4)°+C (D) 1_105)?”5 +C
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53.

54.

55.

56.

MATHEMATICS

dx 1
T N/ . = 2 —1 —
If _[(X+2)(X2+1)—alog|1+x|+btan X+ 5log|x+2|+C,then

N
(A)a=-15.b=7

I
©a=15P=73

3

X
J'X+1|sequalto

2 3

X X
(A) X+7+§—|09|1—x|+ C

X X
©) X-;—g—mglu x+C

X+snx
1+ cosx

dx isequal to

(A) logl1+cosx/+ C

©) x—tang +C

X3 dx
If

I\/1+x2
Aa= I, b=1
()a_3l -
(©Qa=—, b=-1

3

S l,l2
®)a=15b7-7%

Saill?

2 3

X X
(B) X+7—§—|09|1— x+C

2 3

X X
(D) X-7+§—I09|1+ x+C

(B) log|x+sinx|+ C

(D) x.tang +C

3
= a(l+x%) 2+ byl+ x* + C, then

(B)a=§, b=1
D —} b=-1
(D)a= 3, = -



57 ZLis ual to
' J’n1+0032x ™

(A)1 (B) 2 (©) 3

2
58. lel—sin 2xdx isequal to
0

(A) 242 ®)2 (V2+1) (©) 2
59. j’cosxes"”xdx is equal to

Xx+3
60. Ime dx =
Fill inthe blanksin each of thefollowing Exercise 60 to 63.

a 4 -
61. If ‘!mdx = g ,thena =

sinXx

> 7 dx =
I3+4coszx -

62.

L

63. The value of f sindx cos?x dx is
=Tt

——emmll> § PE——
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(D) 4

(D) 2(v2-1)



