




































































72 MATHEMATICS

T 1
=2COSZ cosx:2x$ cos x = /7 cos x = R.H.S.

cos 7x+cos 5x _

Example 16 Prove that cot x

sin 7x —sin S5x
Solution Using the Identities 20 (i) and 20 (iv), we get

Tx+5x Tx—5x
cos

2cos
2 CoS X

2
L.H.S. = = N =cotx = R.H.S.
2c08 Tx+5x sin Tx—5x sin x

2

sin5x—2sin3x+sinx _

Example 17 Prove that = tan x

cos5x—cosx
Solution We have

sinSx—2sin3x+sinx _sinSx+sinx—2sin3x

LHS. =
cos5x—cosx cos5x—cosx
~ 2sin3x cos2x—2sin3x B sin3x (cos2x—1)
—2sin3xsin 2x sin 3xsin 2x

.2
_l-cos2x  2sin”x

: = = tanx = R.H.S.
sin 2x 2sin xcos x
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TRIGONOMETRIC FUNCTIONS 73

| EXERCISE 3.3 |
Prove that:
1. si » T , B t ) r__ 2 2 2-2E 2 _TCCOSZE—E
. sin 6+cos 3—an 4 5 . sm6+cosec 5 )
.23 T
3. cotzE+coseCS—n+3tanZE=6 4. 2s1n2—n+200s25+2se02—=10
6 6 6 4 4 3
5. Find the value of:
(i) sin 75° (ii) tan 15°
Prove the following:
cos E—x oS r_ —sin E—x Sin e =sin(x+y)
6. 1 1 y 1 7, y y
tan E+x 2
4 (1+tanx] cos (m+x) cos(—x) 2
7. = 8. = cot'x
T 1—tan x . T
tan | ——x sin (T—x) cos | —+x
4 2
3n 3n
9. cos 7+x cos (2m+x) | cot 7_)6 +cot 2n+x)|=1
10. sin(n+ xsin (n + 2)x + cos (n+ 1)x cos (n + 2)x = cos x
11. cos E+x —Cos E—x = —/2sin x
4 4
12. sin® 6x — sin®4x = sin 2x sin 10x 13. cos? 2x — cos? 6x = sin 4x sin 8x
14. sin2 x + 2 sin 4x + sin 6x = 4 cos? x sin 4x
15. cot 4x (sin 5x + sin 3x) = cot x (sin 5x — sin 3x)
cos9x —cosSx sin2x sinSx + sin 3x
16. — - =- 17. ————— =tan4x
sin17x — sin3x cos10x cosS5x + cos3x
sinx —siny xX—y sin x + sin 3x
18, = =tan 19, —————— =tan2x
COSX+Cosy 2 cosx + cos3x
sin x — sin 3x i cos4x + cos3x+cos2x
20, —5 5 = 2sinx 21. — X - = cot3x
sin” x —cos” x sin4x + sin3x + sin2x
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22.

23.

25.

MATHEMATICS

cot x cot 2x — cot 2x cot 3x —cot 3x cot x = 1

4tan x (1—tan’x)

> - 24. cos 4x =1 — 8sin® x cos® x
1-6tan“x +tan x

tan 4x =

cos 6x = 32 cos® x — 48cos* x + 18 cos? x — 1

3.5 Trigonometric Equations

Equations involving trigonometric functions of a variable are called trigonometric
equations. In this Section, we shall find the solutions of such equations. We have
already learnt that the values of sinx and cosx repeat after an interval of 27 and the
values of tan x repeat after an interval of 7. The solutions of a trigonometric equation
for which 0 < x < 2w are called principal solutions. The expression involving integer
‘n’ which gives all solutions of a trigonometric equation is called the general solution.
We shall use ‘Z’ to denote the set of integers.

The following examples will be helpful in solving trigonometric equations:

NE

Example 18 Find the principal solutions of the equation sinx = —.

b 3
3 2

. 3 . 2m b .
Solution We know that, sm% = % and sSIn ? = sin [n _Ej =sin—=——,

Therefore, principal solutions are x = 3 and —.

T 2
3

1

Example 19 Find the principal solutions of the equation tanx = — ﬁ

1
Solution We know that, tang = L Thus, tan [n —%J= - tan% =——

NG g

d tan 21t—E ——tanE——L
an 6 6 NG
Thus tans—n:tan&:—i.
6 6 3
o . Sn 1lx
Therefore, principal solutions are " and o

We will now find the general solutions of trigonometric equations. We have already

2019-20



TRIGONOMETRIC FUNCTIONS 75

seen that:
sinx =0 gives x= nmn, where n € Z

s
cosx =0 gives x=(2n + 1)5 , where n € Z.

We shall now prove the following results:
Theorem 1 For any real numbers x and y,

sin x = sin y implies x = nmt + (-1)" y, where n € Z
Proof  If sin x = siny, then

X+ x—
4 sin 4 =0
2

sinx—siny=0 or 2cos

L Xty L Xy
which gives cos =0 or sin =0
2 2
x+y Vi )
Therefore T =2n+ 1)5 or 2 =nx, where n € Z
ie. x=02n+1)w—y orx=2nw+y, where neZ
Hence x=Q2n+ D+ (1)**'yorx=2nn +(-1)"y, where n € Z.

Combining these two results, we get
x=nw+ (=1)"y, where n € Z.

Theorem 2 For any real numbers x and y, cos x = cos y, implies x= 2nmw * y,
where n € Z

Proof If cos x = cos y, then

Xty | x-—y

cosx—cosy=0 1ie, -2sin sin , = 0

x+ X =

Thus sin Y =0 or sin Y =0
2 2
X—

Therefore =nm or =nn, where n € Z
ie. x=2nm—7y orx=2nw+y, where n € Z
Hence x=2nnty, wherene Z

s
Theorem 3 Prove that if x and y are not odd mulitple of 3 then

tan x = tan y implies x =nm + y, where n € Z
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76 MATHEMATICS

Proof If tanx=tany, then tanx—tany=0

Sinx cosy—Ccosx siny
or =

COSX COSYy
which gives sin(x—y)=0 (Why?)
Therefore X—y=nm,ie,x=nn+y, wheren € Z
: . . V3

Example 20 Find the solution of sinx =— 7

3 LT L . 4n
Solution We have sinx = - 7 = —SIn— =sIn n+§ =sin ?

. . 4n ) )

Hence sin x = SIII? , which gives

, 4
x=nn+(-1) ?, where n € Z.

4n "y, 3
3 is one such value of x for which sin x = Y One may take any

3
other value of x for which sinx = — 7 The solutions obtained will be the same

although these may apparently look different.

Example 21 Solve cosx = —.

= N

b
Solution We have, cOs x = — = COSE

T
Therefore X =2nn ig , where n € Z.

Example 22 Solve tan 2x = — cot[x +§j

Solution We have, tan 2x=—cot[x+£} = tan [g+x+§J
3
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TRIGONOMETRIC FUNCTIONS 71

5w
or tan2x = tan| x +?
5w
Therefore 2x=nn+x+ I where neZ
5w
or x:mH_F’ where ne Z.

Example 23 Solve sin 2x — sin 4x + sin 6x = 0.

Solution The equation can be written as
sin6x +sin2x —sin4x =0

or 2sin4xcos2x—sindx =0
ie. sin4x(2cos2x—1) =0

) 1
Therefore sindx=0 or cos2x= v

) T
ie. sindx =0 or cos2x= COSE

T
Hence 4x=nm or 2x=12nm ig , where neZ
nm T

ie. x=7 or x =mtig, where ne Z.

Example 24 Solve 2 cos>x + 3 sinx =0
Solution The equation can be written as

2(1—sin2 x)+38inx =0

or 2sin” x—3sinx—2 =0
or (2sinx +1) (sinx—2) =0
. 1 .
Hence sin x = —5 or sinx=2
But sin x = 2 is not possible (Why?)
Therefi i L sin n
erefore sin x = )= 6
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78 MATHEMATICS
Hence, the solution is given by

T
x=nn+(—1)"— where n e Z.

6

| EXERCISE 3.4
Find the principal and general solutions of the following equations:
1. tanx:ﬁ 2. secx=2
3. cotx=—x/§ 4. cosecx=-2
Find the general solution for each of the following equations:
5. cos4dx=cos2x 6. cos3x+cosx—cos2x=0
7.  sin2x+cosx=0 8. sec? 2x = - tan 2x

9. sinx+sin3x+sin5x=0

Miscellaneous Examples

12
Example 25 If sin x = g, cosy= —1—3, where x and y both lie in second quadrant,

find the value of sin (x + y).

Solution We know that

sin (x + y) = sin x cos y + cos x sin y .. (1)
. 9 16
Now cos? x=1-sinfx=1-—="—
25 25
4

Therefore cos x = ig.

Since x lies in second quadrant, cos x is negative.

4
Hence cCos x=——

5
N 7 9 _1 2 _1 &_g
ow sin'y =1 — cos’y = ~ 169~ 169
. . 5
1.e. smy—_B.

5
Since y lies in second quadrant, hence sin y is positive. Therefore, sin y = 1—3 Substituting

the values of sin x, sin y, cos x and cos y in (1), we get
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: 3 { 12) (4)5 36 20 56
sin(x+y) = —X ——J+ ——Jx— = ===
5 5) 13 65 65 65

Example 26  Prove that
cos 2x cosf—cos 3x cos% =sin 5x sin 2 .
2 2 2
Solution  We have

1 X 9x
— — | 2cos 2x cos——2c0os — cos 3x
s <L [raareo- o o]

=l cos 2x+£ +cos 2x—ﬁ —COoS %+3x —COoS 9—x—3x
2 2 2 2 2

1l 5x 3x 15x 3x | 1] 5x 15x |
= —|_COS— +COS—™ —COS—™— —COS— | = _|_COS—— COS_J
2 2 2 2 2172 2 2

5x  15x 5x 15x)]
1 ER, PR
—| —2sin 2 2 sin 2 2
=2 2 2

) . 5x ) . . 5x
= —sin5x sin ——Jz sin5x sin— = R.H.S.
2 2
b
Example 27 Find the value of tan 3

T T
Solution Let x = Py Then 2x = e

2tan x
Now tan2x = ————
1—tan” x

2tanE

or tan— = Sn
1—tan’ =

8

L kil Then 1 2y
et y =tan g enl = l—yz
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80 MATHEMATICS

or y+2y—-1=0

—2 1242
Therefore y= T\/_ = _1+2

I T
Since 3 lies in the first quadrant, y = tan 3 is positve. Hence

tangzﬁ—l_

3 3t X X X
Example 28 If tan x = Z, n<x< 7 , find the value of sin—, cosz and tanz.

3n
Solution Since T<x< — > Cosx is negative.

3

50 272 4

X X
Therefore, sin 5 is positive and cos 5 1S negative.

9 25
Now sec’x=1+tan’x= 1+—=—
16 16
16 4
Therefore cos’x=— orcosx=—— (Why?)
25 5
L, X 4 9
Now 2sin" —=1- cosx =1+—=—.
2 5 5
Theref e 2
erefore sin >=10
in— i Why?
or sm2 = \/ﬁ (Why?)
X | 4 1
; 2 2 _ =]1-—=-
Again 2cos )= 1+ cos x 5 5
X 1
Therefore cos? — = —
2 10

2019-20



TRIGONOMETRIC FUNCTIONS 81

x 1
= = ———= (Why?
. €08y =" o WY

Hence tan — = = X
X /
2 COS— 10 1

X
S EMJ 3

Example 29  Prove that cos?x + cos? [x + g j+ cos? [x _gj =

N | W

Solution We have

1+cos[2x+2n} l+cos[2x—2n}
LHS. = 1+0052x+ 3 " 3 ).

2 2 2

_ 1 3+ cos 2x+ cos [2x+2?n)+cos (2x—2?nﬂ

2
3+ cos 2x+ 2cos 2x cos ?n}

N | —

3+ cos 2x+ 2cos 2x cos [n—gﬂ

= N

34 cos 2x—2cos 2x cos %}

[3+cos 2x —cos 2x] = % =R.HS.

Miscellaneous Exercise on Chapter 3
Prove that:

T In 37 5w
1. 2cos— cos—+cos—+cos—=0
13 13 13 13

2. (sin 3x + sin x) sin x + (cos 3x —cos x) cos x =0
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82 MATHEMATICS

3. (cos x + cos y)? + (sin x — sin y)*> = 4 cos? 5

-y
2
5. sin x + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x

. . . X
4. (cosx—cos y)? + (sinx— sin y)*> = 4 sin’

(sin 7x + sin 5x) + (sin 9x + sin 3x)
(cos 7x + cos 5x) + (cos 9x + cos 3x)

= tan 6x

X 3x

7. sin 3x + sin 2x — sin x = 4sin x coOS E coS ?

X X
Find sin —, cos — and tan — in each of the following :

4
8. tanx = —g, x in quadrant II 9. cosx= —g, x in quadrant ITI

10. sinx = 1 x in quadrant II

Summary

¢ Ifin a circle of radius r, an arc of length / subtends an angle of 0 radians, then
=19

# Radian measure = X Degree measure

180

180
@ Degree measure = ——X Radian measure
T

@ cos®x +sin’x =1

¢ 1 + tan’x = sec’x

& 1 + cot’x = cosec’x
@ cos (2nT + x) = cos x
¢ sin (2n7 + x) = sin x
@ sin (—x) =—sinx

@ cos (—x)=cos x
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TRIGONOMETRIC FUNCTIONS 83
@ cos (x +y) =cos x cos y—sin x sin y
®cos (x—y)=cosxcosy+sinxsiny

b
& cos (E—X) = sin x

s
¢ sin (E—x) =COS X

@ sin (x + y) = sin x cos y + cos x sin y

@ sin (x — y) = sin x coS y — COs X sin y

@ cos [%"‘xj:—sinx sin [%"'XJ =CoS X
cos (T —Xx) =—cos x sin (T — x) = sin x
cos (T +x) =—cosx sin (T + x) = — sin x
cos (2T —x) = cos x sin (2T —x) =—sinx

b
¢ If none of the angles x, y and (x + y) is an odd multiple of E , then

tanx+tany
tan(x+y)=7T—"
1—tanxtany

tanx—tany

¢ tan (x - y) = 1+ tan x tan y

¢ If none of the angles x, y and (x + y) is a multiple of 7, then

cot xcot y—1

Bt (54 1) = coty+cotx

cotxcoty +1
# cot (x —y) = coty — cot x

1—tan’x

@®cos 2x =cos’x—sin*x=2cos?x—1=1-2sin’x =7 5
1+ tan“x
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84 MATHEMATICS

2 tan x

@ sin 2x =2 sinX cos x = 5
1+tan“x

2tanx

tan 2x = T 5
* 1—tan’x

@ sin 3x = 3sinx —4sin’*x
@ cos 3x = 4cos’x — 3cosXx

3tan x—tan’ x

{tam S = 1-3tan’ x

. 5 JEar
¢ (1) cosx+cosy=2cos ) )

(il) cos x —cos y =— 2sin

il . . Xty
(i) sinx+ sin y =2 sin

xX+y . Xx—
y S1n —y

(iv) sin x —sin y = 2cos
& (1) 2cosxcosy=cos (x+y)+cos(x—y)

(i) —2sin x siny = cos (x + y) — cos (x — y)

(iii) 2sin x cos y = sin (x + y) + sin (x — y)

(iv) 2 cos x siny = sin (x + y) — sin (x — y).

¢ sin x =0 gives x = nw, where n € Z.
T
®cosx=0givesx=2n+ 1) E,wherene Z.

¢ sin x =sin y implies x =nw + (— 1)* y, where n € Z.
@ cos x =cos y, implies x = 2nw = y, where n € Z.

¢ tan x =tan y implies x = n7 + y, where n € Z.
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Historical Note

The study of trigonometry was first started in India. The ancient Indian
Mathematicians, Aryabhatta (476), Brahmagupta (598), Bhaskara I (600) and
Bhaskara II (1114) got important results. All this knowledge first went from
India to middle-east and from there to Europe. The Greeks had also started the
study of trigonometry but their approach was so clumsy that when the Indian
approach became known, it was immediately adopted throughout the world.

In India, the predecessor of the modern trigonometric functions, known as
the sine of an angle, and the introduction of the sine function represents the main
contribution of the siddhantas (Sanskrit astronomical works) to the history of
mathematics.

Bhaskara I (about 600) gave formulae to find the values of sine functions
for angles more than 90°. A sixteenth century Malayalam work Yuktibhasa
(period) contains a proof for the expansion of sin (A + B). Exact expression for
sines or cosines of 18°, 36°, 54° 72°, etc., are given by
Bhaskara 1II.

The symbols sin™! x, cos™ x, etc., for arc sin x, arc cos x, etc., were
suggested by the astronomer Sir John E.W. Hersehel (1813) The names of Thales
(about 600 B.C.) is invariably associated with height and distance problems. He
is credited with the determination of the height of a great pyramid in Egypt by
measuring shadows of the pyramid and an auxiliary staff (or gnomon) of known
height, and comparing the ratios:

H
— =— =tan (sun’s altitude)
S {5

Thales is also said to have calculated the distance of a ship at sea through
the proportionality of sides of similar triangles. Problems on height and distance
using the similarity property are also found in ancient Indian works.

4

@ ——

o,
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