INVERSE TRIGONOMETRIC

FUNCTIONS

2.1 Overview

2.1.1 Inverse function

Inverse of a function ‘f ” exists, if the function is one-one and onto, i.e, bijective.
Since trigonometric functions are many-one over their domains, we restrict their
domains and co-domains in order to make them one-one and onto and then find
their inverse. The domains and ranges (principal value branches) of inverse

trigonometric functionsare given bel ow:

Functions Domain
y = sinx [-1,1]

y = cosx [-1,1]

y = cosecx R- (-1,1)
y = secix R- (—1,1)
y = tanix R

y = cotx R

Notes:

Range (Principal value
branches)

O-nm nC
H2 "2t
[0.7]

O-n nQd

2 2H "

e
[O,Tl] - DZD

O Qg
H2 28

(O

(i) The symbol sinx should not be confused with (sinx)*. Infact sin'x is an
angle, thevalue of whosesineisx, similarly for other trigonometric functions.

(i)  The smallest numerical value, either positive or negative, of 0 is called the

principal valueof thefunction.
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(i)  Whenever no branch of an inversetrigonometric function is mentioned, we mean
the principal value branch. The value of theinverse trigonometic function which
liesintherange of principal branchisitsprincipal val ue.

2.1.2 Graph of an inverse trigonometric function

The graph of an inverse trigonometric function can be obtained from the graph of

original function by interchanging x-axisand y-axis, i.e, if (a, b) isapoint onthe graph

of trigonometric function, then (b, a) becomesthe corresponding point on the graph of
itsinversetrigonometric function.

It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function asamirror image (i.e., reflection) along the
liney=x.

2.1.3 Properties of inverse trigonometric functions

7 [

1. st (sinx) = x ; XDE?,EE
cos’(cosx) = X : x O[O, 7]

O-m nmC
tan(tan x) = x . XDB?,EE
cot*(cot X) = x ; x0(0,m)

o
1 = : xU[o,m] - -0
secl(sec X) = x [0,n] HH

O-n nQd
cosec(cosec X) = X X DEE’EE_{O}

2. sin(sin? x) = x : x O-1,1]
cos(cos? x) = x : x O-1,1]
tan (tan! x) = x 3 x OR
cot (cot? x) = x : x OR
sec(sec™ x) = x : X OR - (-1,1)
COSec (Cosec™ xX) = X : xOR - (-1,1)

3 sin™ NLCL cosec™'X -

: Fx : xOR - (-1,1)

SO
cos E;E—sec X xOR - (-1,1)
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4,010 _
tan™ = cot™'Xx :
E;E : x>0

= — 1T+ cotix : x<0
4. sin? (-x) = —sin7x : x O[-1,1]

cos? (—x) = Tecos*x : x O[-1,1]

tan™ (-x) = —tan-x : x OR

cot? (-x) = Tecotx : x OR

sect (—x) = Tesec’x : x OR —(-1,1)

cosec™ (-x) = —cosec*x  : x OR —(-1,1)
5. sinix + cosix = 5 x 0O-1,1]

T
tanx + cot’x = 5 x OR
L
sec!x + cosecx = 5 : x OR-[-1,1]

Ux+yOd
6. tanix + tanly = tant H _xyH: xy <1

tanx — tanly = tan?! +Xy%Xy>—1

7. 2tanix = sin-ll+x2 -l1<x<1
2
2tanx = cos* 15 x=20
2X
2tanix = tan™? 1 -l<x<1
2.2 Solved Examples
Short Answer (SA.)
V3

Example 1 Find the principal value of cosx, for x = -
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030

3
Solution If cos*H 2 H=9 , then cos 6 = %

Sincewe are considering principal branch, 8 0 [0, 1. Also, since % >0,0beingin

_ ) 0J/30 g
the first quadrant, hence cos- B;E =%

0. O-nd
Example 2 Evaluate tan ?‘na—%

. 0. O-nd 0O . niC -
Solution tan-lgn E?%: tan™ Ey—snai%z tan(~1) = e

13m0
Example 3 Find the value of cos™ E-“DS—E

_ 0 13n0 0 m.C L0 g
Solution  cos™ FFOS—~H= cos™ HJOS(ZTHE)E — Ccos H:OSEE

n
5"

] onQg
Example 4 Find the value of tan™ % EE

O TiC
Solution tan™ %an—a = tan tan HTH g

= tan”

mu.Tz

an - T
Bt s

Example 5 Evauate tan (tan™i(- 4)).

Solution Sincetan (tan?x) = x, 0 x U R, tan (tan}(- 4) = - 4.

Example 6 Evauate: tan./3-sec?(-2) .
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Solution  tan®,/3-sec! (- 2) = tan,/3- 11— sec?'2]

E— _1D1|:| 2_T[ E:—E
=3 TS BHE TS

WNas

Example 7 Evaluate: sin” ECOSgIn > %

0 0 30 L OO

Solution SN~ @Osgn —% sin” H:OSE_%‘S”] @E__

Example 8 Prove that tan(cotx) = cot (tanx). State with reason whether the

equality isvalid for all valuesof x.
Solution Let cot™*x = 0. Then cot 8 = x

[ SN I 4 _ T
or, tanai GH—XD tan X-E—G

_ om0 o 40 a
So tan(cot™ x) = tan8 = cot ;= — B F=cot (= —cot ™ X FEcot(tan ™ X)
LR

The equality isvalid for all values of x since tan-ix and cot-*x aretrue for x 00 R.

Example 9 Find the value of sec ﬁan K y[
Y mmnCc y
tan™ —_e GD ==
Solution Let , where H‘ E So, tanb = 5
o 4+y°
which gives  secf= I
,4 2
Therefore, %c@an‘l Yy secez%_

1

O 580
Example 10 Find value of tan (cos*x) and hence evaluate tan %COS EH'

Solution Let cos*x = 6, then cos 8 = x, where 6 I [0,
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J1-cos’0 _1-x

Therefore, tan(cos?x) = tanf =

cosf X
080
Hence tanﬁsos_lgﬁ _ EEH zg

17

. L0500
Example 11 Find the value of SH%CO“QI—Z%

_ -5C
Solution Let cot™ EEzy. Then coty = —

12°
Now Sin cot‘lD_BD:= in
0 = sn
_ a200-50 0O,
= 2siny cosy Zal—aal—a gncecoty<0 SO yDHE’T[%
_—120
169

11 L 40
Example 12 Evauate COSQIH "= +sec 3%

- Gin L st 20 _ cosBint Lo gos 30
Solution cos§n 7 Sec SE_cosgn 7 cos 4E

11|:| |:| 13|:| - |:| 11|:|

L - - 210, 0 430
cospin™ - Fe0s fpos™ - 5= sin in ™ - gpin fpos™ o g

3 o 1| md
2\~ EaH "3\ T EsH
3415 147 _3J15-47
=4 4 44 16
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Long Answer (L.A.)

Prove that Zsin-1§ tan! E I
5 31 4
Let sint §-9 then sin@ = E where 6 [ SELRLS
5 "5 H2 ' 2E
3 . ) 3
Thus tan 6 = e which gives 6 = tan—lz.
Therefore Zsin-l§ tan E
’ 5 31
S0 tant o =2tanis - tant o
STl gy Tetary - Ay
322 8
an 4 o g 24 17
- tan D—QD tan 31 — tan! __tan—l_
-0 7 31
0 160
024 17 0O
gl 8lo m
B m+24 1707 g
o 7 310
Prove that
cot'7 + cot'8 + cot?18 = cot™3
We have
cot*7 + cot'8 + cot18
= tan—li + tan-ll + tan-1i (sincecot? x = tan-11 if x>0)
7 8 18 X'
O 1+1 O
tan_lgﬂg+ tan_l 11
= Dl—leD (sincex.y = '3 <1
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g3t
.3 1 11 18
= tan™ —+tan 1@ = EnD Exim (sincexy < 1)
O 11 180
65 1
= tant— = tant= = cot!
105 3 cot? 3

Example 15 Which is greater, tan 1 or tan™ 1?

Solution From Fig. 2.1, we note that tan X is an increasing function in the interval

EHTnEsmcel> Dtan1>tann Thisgives
— — isqgiv
ZE 4 4 g Y tan x
tanl>1

T
O tanl>1> —

4 0

-1

0 tan1>1>tan? (1). /2 /4 )

Example 16 Find the value of

sin ﬁZtan‘1 % Ercos(tan‘1 J3).

_ 2 2
Solution Let tan ~ =xandtan! /3 =y sothattanx= — andtany = /3.

3
.0 4220 4
sinp2tan™ —prcos(tan™ +/3
Therefore, u 3Er' (tan*/3)
= sin (2X) + cosy
2.2
2tnx 1 3, 1
= 2 =
1+tan® x \/1+tan2y 1+g 1+\/(\@)2

12 1 87
13 2 26°
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Solve for x

a
<
oGjo
N

tan™ tantx, x>0

+
X

From given equation, we have 2tan™ Slr;x Eiztan‘1 X
X

U
0 2Han™1-tan™ xH= tan™" x
g -1 Tt
2 3t —=tan~
. ST E T
1
. %

Find the values of x which satisfy the equation
snt x+sn? (1-x)=cos'x
From the given equation, we have

sin(sint x+sin* (1 - x)) = sin (cosx)
O sin(sintx) cos (sin* (1 — x)) + cos (sin x) sin (sin* (1 - x) ) = sin (cos™ x)

O Xy1-(1=x)% + (1-X) \1-x% = {1-%°

0 xy2x=x% +41-3 (1-x-1)=0

0 x(\/Zx—x2 —\/1—x2 )=0

0x=0 or 2X—-x2=1-x°
5 x=0 . 1
X = or x—2.

L . T
9 Solve the equation sin'6x + sin 6,/3x = >

m .
lution From the given equation, we have sin™! 6x = _E_Sm 16v3x
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. U m L
O sin (sin! 6x) = sin H_E_Sm 3XE
O X = — C0S (Sin" 6/3X)

0 6x = —,/1-108x? . Squaring, we get

36x% =1 - 108x?

1
2 = =+ —
g 144x¢ =1 U x 5

1 1
Notethat x = - I isthe only root of the equation as x = I does not satisfy it.

Show that

2 tan! %ang.tan _B - _sinacosp
o 2 2% cosa +sinp

2tan % tan 3P
) > "Ha 2H o L . 2xC
LHS =tan [since 2tan™ x=tan L
1-tan? S anz T-PH O 1=x°C
2 oH
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2tan > @tanZBD
= tan™

%Htanzsmﬁ—tanzmD 2tanﬁ %HtanzqD
2H 2 2 2H

otan % l—taan

2 2

1+tan2 2 1+tanZE

= tan_l 2 2

1-tan?— 2tanE

N 2

Usinacosp C

tan —
[cosa+sinB

=RH.S

Objective type questions
Choose the correct answer from the given four optionsin each of the Examples 21 to 41.

Example 21 Which of thefollowing correspondsto the principal value branch of tarrt?

Om mc
O m mC
© F5 50— () @
(A) is the correct answer.
Example 22 The principal value branch of sec? is
O 0 o
(A) gg gg‘{ o ® [0m-50

g m mLC

© ©m ©) T30
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Solution (B) is the correct answer.

Example 23 One branch of cos? other than the principal value branch corresponds to

A Bah 8) [ 2~
© Omn (D) [2m 3
Solution (D) is the correct answer.
. 0 M3
Example 24 The value of SIN [POS %IS
U
A 3 B -m C — D a’
A 2 B®) — © 1 ©® -5

. . o 401+ 31 . 3n
Solution (D) is the correct answer. sSin 1@:05 5 ﬁ—sn COS%TH—E

_ sin? s =8 3nQ =sin” nE“T S
H* 5 H Eﬁ B 5 H

_1[| O m Tt

— sin [gn B—lo%_ —

Example 25 The principal value of the expression cos™ [cos (— 680°)] is

211 =21 341
(A) 9 (B) 5 © 9 (D)

©l -

Solution (A) is the correct answer. cos? (cos (680°)) = cos? [cos (720° — 40°)]

2n
= cos™ [cos (- 40°)] = cos™ [cos (40°)] = 40° = e

Example 26 The value of cot (sin’x) is

2
(A) Jl;x

X
B i
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1-x2

1
© = (©)

Solution (D) is the correct answer. Let sint x = 6, then sin@ = x

1 1
O cosec6=— [0 cosec® = —5
X X
1 _ 2
O l+cot?26=— [ cotf= 1-x .
X X

Tt
Example 27 If tanx = 0 for some x [0 R, then the value of cot™x is

21 3n 4m
B]) — © = (D) —

(A) 5 5

ol

. . LS
Solution (B) is the correct answer. We know tan-x + cot!x = 5 Therefore

cot-lx—E I

T2 10
Dcot—lx-1 AL 2—“
T2 10 5°

Example 28 The domain of sin! 2x is

(A) [0,7] (B) [-1.1]
01 1C
© B22F (D) [2.2]

Solution (C) is the correct answer. Let sin2x = 0 sothat 2x=sin 6.

1 1
Now-1<snB<1, i.e,—~1<2x<1whichgives — XSE'

=<
2

0-3C
Example 29 The principal value of sin? ETE is
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21 T 4T 5n
(A) —3 B) 3 © = ) -

Solution (B) is the correct answer.

L0030 . .o .m0 . 40, mO T’
Sin ﬁTgSIH H—SIHEH:—SIH %Ing —5.

Example 30 The greatest and least values of (sinx)? + (cos™x)? are respectively

51 ™ T, -T
(A) —rand (B) Zand—
™ -1 ™
(C) —yand— - (D) --ando.

Solution (A) is the correct answer. We have
(sin'x)? + (cos'x)?2 = (sin'x + cos'x)? — 2 sin"'x cos? x

%—Zsin‘1 X%T—sin‘1 XE

™
4

. _l . _1 2
- TISin x+2(sm x)

I
N
=)

N
X
I
N
i,
+
513
imilmim

-ZDT[ZDei o, H_EﬁJriE
Thus, theleast valueis 81—6% 8 and the Greatest valueis > 45 16p

. 5
l.e. —.
4

Example 31 Let 8 = sin? (sin (— 600°), then value of B is
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N B) - o = D) =&
A 3 B8 3 © 3 0 —
Solution (A) is the correct answer.
sin” anGWX—H:sn snﬁ_ﬂﬁ
0O 2 . 0. 2nQgd
= sin”! - sinfA- = = sin" [Ein—
T3 3
= sm‘l%n - sinBin 0
£ stk e
Example 32 The domain of the functiony = sin’ (- X?) is
(A) [0.1] (B) (0.1)
(©) [-1,1] D) o
Solution (C) isthe correct answer.  y=sint (-x?) O sny=-
i.e. —1<-x*<1 (since—1<sny<l)
O 12x=2-1
O 0<sx<1
0 |xslie-1<xs<1
Example 33 The domain of y = cos? (xX*—4) is
(A) [3,9] (B) [0,
©) B~/5,-V3HD {3, V5(

© BB, ~V3Hn 5, V30

Solution (D) isthe correct answer. y = cos® (x*-4) 0 cosy =x*—4
i.e. —1< x*-4<1 (since—1l<cosy<l)

0 3 < x<5
0 V3<|{<+5
0 XDH-x/g, —\/§HD B@\/EH

Example 34 The domain of the function defined by f (X) = sinix + cosx is
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(A) [-1,1] B) [-1, T+ 1]
(C) (—o0,00) D) ¢

Solution (A) is the correct answer. The domain of cos is R and the domain of sin™' is

[<1, 1]. Therefore, the domain of cosx + sin”'xis R N [—1,1] ,le., [-1, 1].
Example 35 The value of sin (2 sin™! (-6)) is

(A) 48 (B) 96 ©) 12 (D) sin1-2

Solution (B) is the correct answer. Let sin™' (-6) = 0, i.e., sin 0 = -6.

Now sin (20) = 2 sin6 cos0 = 2 (-6) (-8) = -96.

T
Example 36 If sin”! x + sin”! y = 5 then value of cos™ x + cos™ y is

(A) B) = © 0 (D)

2 3
. . . . T
Solution (A) is the correct answer. Given that sin™! x + sin”! y = 5
E—cos_l x|+ E—cos_l I
Therefore, > > y >
T
= cos™'x + cosly = 5
a3 a1
Example 37 The value of tan | €0S g+tan 1 is
A 3 B © 3 D) 7

43 41 44 1
Solution (A) is the correct answer. tan (COS lgﬂan lzj =tan (tan 1§+tan lzj
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04,10

5—3 4 E}ztantan‘lmgmg-
= tentent 5, 4 11 He [ s

0 3 40

Example 38 The value of the expression sin [cot™ (cos (tan® 1))] is

1
(A) O (B) 1 © 5 (D)

Solution (D) is the correct answer.

L 1 sin%in‘1 ZE}: 2
. -1 _ e~ -1 — 1= - ~
sin [cot™ (cos 4)] sin [eot™ —7] o V3g \'3

01cC
i 1y _ 1y — 1
Example 39 The equation tan*x — cot*x = tan %E has
(A) nosolution (B) uniquesolution
(C) infinitenumber of solutions (D) twosolutions

Solution (B) isthe correct answer. We have

T T
tantx — cot*x = E and tanx + cot*x = E

21
Adding them, we get 2tan-ix = 3

Tt
0 tarix= 3 i.e, x=3.

Example 40 If a<2sin?x + cos™x <f3, then

A) a=—,p=2 (B) a=0,p=m
2 P77

© a="_"p=>" (D) «=0,B=2m
2P
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-Tt T
Solution (B) is the correct answer. We have 5 < sntx < B
2 2% =272
O 0 < snlx+ (sinx+cosix) < T
O 0 < 2sin'x+ cosix < Tt

Example 41 The value of tan? (sec'2) + cot? (cosec'3) is
(A) 5 (B) 1 (C) 13 (D) 15

Solution (B) isthe correct answer.

tan? (sec'2) + cot? (cosec'3) = sec? (sec?2) — 1 + cosec? (cosec™3) — 1
=22 x1+32-2=11.

2.3 EXERCISE

Short Answer (SA.)

1. Find thevalue of tan” ﬁan H-F cos™ ﬁ:OS— E

5 Evaluat EC 0430 ”E
. valuate COS OS .
92 H 6¢

Or -
3. Prove that COt HZ—Zcot 135:7
' tan D LD_F cot™ 0l D+tan‘l O in O-~ [
4, Find the value of E—\/:—)E %E g EZ %

2nrC
5. Find the value of tan @an?E

2040
6. Show that 2tant (-3) = —- + tan™ T30
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10.

11.

MATHEMATICS

Findthereal solutions of the equation

] 1) +sin /32 1=E
tan™ /x(x+1) +sin™ {/x* +x+ >

410 -
Find the value of the expression sin %tan 1§H+cos(tan 12\/5).

T
If 2 tan? (cos 8) = tan™ (2 cosec 0), then show that 6 = 7
where n is any integer.
Show that cos%tan stmErltan‘1 1L
W =
Solvethefollowing equation cos(tan‘1 x) Dot 3 E

Long Answer (L.A.)

12.

13.

14.

15.

16.

17.

A+ +1-x0 4

Prove that tan™ 3 —_+ COS S
v W1+ X2 —4/1-%°
37 =0

4
Find thesimplified formof COS' %COSX"‘ SII’]XE WherexDE— 2F

Prove that Sin‘1§+sin‘13 sm‘lz.
17 5 85

Show that sn" = +cos? S=tan O .
13 5 16

Prove that tan_li "'ta”_lg_ sin” — L .
4 9 J5

1

1
' 4tan* =—tan™ —
Find the value of 5 239
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- 4+7
18. Show that tan as sin™! Eaz ﬂ and justify why the other value 7
27 a8 3
isignored?
19.  Ifa,a, a,,...,a, isan arithmetic progression with common difference d, then

evaluatethefollowing expression.

tan Etan’lD d Eﬁtan’1D d Eﬁtan’1 o d E}+ +tan’lD d %
0 1‘]—‘+a1a2|:| E+a2a3D E+a3a4g ta, e, [
Objective Type Questions

Choose the correct answers from the given four optionsin each of the Exercises from
20to 37 (M.C.Q.).

20. Which of thefollowingisthe principal value branch of cos?*x?

O-n nQg
(A H22H ® Omn
My
© [0 ©  ©m- [0
21. Which of the following isthe principal value branch of cosec?x?
(Fm L [
A Ho2k (B) 01— HH
O-n nQg O-n nQd
© B22H ®  F22p

22. If 3tan? x + cot™ x = 11, then x equals

1
(A) 0 B) 1 © -1 © 3

0 B3z
23. The value of sin ECOSE?%B
3n Al T -7t
(A) — (B) — (© — (D) Py
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24.

25.

26.

27.

28.

29.

30.

31.

MATHEMATICS

The domain of the function cos? (2x - 1) is

(A) [0,1]] | [F1.1]

© (11 (@) o

The domain of the function defined by f (x) =sin? \/x-1 is

A)  [1,2 B) [-1,1]
© [0,1] (D)  noneof these

0. .2 .0 _
If cos Ef'n g"‘COS XHZO,thenmsequalto

1 2
w oz ® ¢ © o © 1
Thevaueof sin (2 tan? (.75)) isequal to
(A) 75 (B) 15 (© 96 (D) sinl-5

L0 370
Thevalue of C0S™ %C()S?E isequal to

A 5 ® 5 © 5 O =

It oM m
G~ ® F © 5 O 1
4n
If tar?! x + tanly = ? then cot™ x + cot y equals
Lt 21 3T
G- ® & © - O =

L-a*0 _1D 2x U

a O
If sim™ FE"‘COS FE— H_ 2B wherea, x 0]0, 1, then

thevalueof xis

a
(A) 0 ® 5 © a (D)



32.

33.

34.

35.

36.

37.
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O ,070C
The value of cot H:OS 52—5%5
R oo B A T
(A) Y (B) 7 © o5 (D) Y
il ., 20

The value of the expression tan %COS— EE is

(A)  2++5 B) 5-2

J5+2
2

0 - C
m-lint:tangz 1-cos® C
0 2 \jl+cose C

U2x O

If |x|< 1, then2tan x + sin? EIH-—XZE isequal to

©) (D) 5+42

(A)  4tantx B) 0 (©) % D) ™

If cosa+cos?B+costy=3mthena(B+y)+B(y+a)+y(a+p)
equals

(A) O | 1 < 6 (D) 12
The number  of real solutions of the equation

J1+cos2x =+/2 cos ™ (cosx)in SE; T[E is

(A) 0 (B) 1 (© 2 (D) Infinite
If cosix > sin™x, then

(A) %<XS1 (B) 0<sx<

o -lsx<r D) x>0
(©) NA (D)
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Fill in the blanksin each of the Exercises 38 to 48.

38.

39.

40.

41.

42.

43.
44.

45.

46.

47.

48.

O 1C
The principal value of cos* H_EE is

The val f'—lD'ng—"['
e value of sin BS' 5Els

If cos (tan x + cot™? /3) = 0, then value of x is

OLc .
The set of values of sec? BEEIS .

The principal value of tan™ /3 is

he va f 1D05£TE'
The value of cos H: 3 EIS

Thevalue of cos (sint x + cost x), x| <1is

Osin™t x+cos™ x C
Thevalue of expressiontan E 5 E,when X= - is

02x O
— —1 |
Ify=2tar! x +sin Elrxgaforallx,then <y<

Ux-yL
The result tanx — tan-ty = tan™ %E is true when value of xy is

The value of cot? (—x) for al x [0 R in terms of cot*x is

State True or False for the statement in each of the Exercises 49 to 55.

49.
50.
51.

52.

53.

All trigonometric functions have inverse over their respective domains.
The value of the expression (cos™ x)2 is equal to sec? X.

The domain of trigonometric functions can be restricted to any one of their
branch (not necessarily principal value) in order to obtaintheir inversefunctions.

Theleast numericd value, either positive or negative of angleB iscaled principa
valueof theinversetrigonometric function.

Thegraph of inversetrigonometric function can be obtained from the graph of
their corresponding trigonometric function by interchanging x and y axes.



o4.

55.

INVERSE TRIGONOMETRIC FUNCTIONS

n_ T
The minimum value of n for which tan E>Z,nDN ,isvalidisb.

The principal value of sin [gostin™ HFig I
e principal valueof sin g Ef' 2$|33.

——emlll> @ ——

41



